T he seventeenth century, the time of emerging calculus, can be called the century of the infinitesimal. Generally, mathematics seems to refer, even in the simplest instances, to infinity, e.g., infinity of numbers, or infinity of line length, but in the seventeenth century infinity became the hallmark of mathematics. It was an age of astounding agreement between empiricist England and the rationalist continent, especially France, with respect to the use of infinitesimals and infinite series in mathematics. This is epitomized in the fact that the two creators of calculus, Newton and Leibniz, lived on opposite shores of the English Channel and that so many creative mathematicians at that time -such as Cavalieri, Roberval, Fermât, and Pascal, to mention only a few -with no second thought, referred to infinity. However, Descartes' approach was in disaccord with the prevalent views of his time. Mathematician and philosopher, he gave more thought than his contemporaries to such questions as, Does mathematics really deal with infinity ? Are these theorems valid, which seem to require a reference to infinity to be proven ? Are such proofs accept-167 able ? The contention of this paper is that because, according to Descartes, God is infinite and God's actual infinity is tantamount to his perfection (AT vii 47), 1 infinity acquires the status of a sacred attribute which is reserved to God alone. But even if infinity could be found in nature, it could not be comprehended by any scientific means. Most interestingly, using the sacredness of infinity is undermined by its use in mathematics ; therefore, mathematics should refrain from such references even at the cost of becoming more complicated or less useful that it would be with making such a reference.
I
Infinity can be ascribed with certainty only to God and to our will. Infinity is the essence of God, and in the infinity of our will, we can find that we are created in the image of God (AT ii 628). However, our reason, our powers of comprehension are finite and limited, and since the will's decisions are determined by reason, we have no, so to speak, immediate access to infinity. We have to content ourselves with recognizing infinity without being able to explain it (AT iii 292 ; ii 138). We are finite (our reason, that is), hence we should refrain from problems which would require comprehension of the infinite (Princ. 1.26 ).
An effect cannot be more perfect that its cause (AT vii 40-1) ; therefore, if I, a finite and imperfect being, have in me the idea of an infinite and perfect being, then there must be a being who is the cause of this idea. It is God, who is "eternal, infinite, omniscient, all-powerful and the creator of all things" (AT vii 40). God "necessarily exists" (AT vii 45 ; vi 34), since I exist and I am not the cause of myself, and since I possess an idea of an infinite substance. Because "there is more reality in an infinite substance than in finite substance," therefore, "there is in me somehow in the first place understanding (perceptionem) of the infinite before the finite, i.e., [understanding] of God before myself (AT vii 45). It was once observed that on this principle rests Descartes' philosophy. 2 This principle -which, in other words, means that the idea of imperfection presupposes the idea of perfection -was not expressed more explicitly by anybody before Descartes and for this reason it can appropriately be called the Descartes' principle.
The idea of infinity cannot be obtained by simple extension of infinity, as suggested, among others, by Gassendi. For example, there is an intuition that somehow we are able to indefinitely increase the series of numbers without reaching its end. However, this power of not terminating this process of increase cannot be of human origin, the human mind could not give rise to such a mechanism. Therefore, the fact that "in counting I cannot reach the largest of all numbers" implies the divine origin of the power allowing me "to think about a larger number than any number thought by me before," and that this power can only come from "a being more perfect than myself (AT vii 139). In other words, the possibility of progressing into infinity presupposes in us a faculty which can only be explained by infinity (cf. AT vii 365). It is thus an illusion that the concept of infinity can emerge when using finite means, because the distance between the finite and the infinite never decreases by mere increase of the finite, hence one cannot pass to infinity by simply progressing in series of numbers. I cannot be the author of infinity because it surpasses me, because in the sequence of numbers, I can always go further without being able to reach its end.
However, Descartes not only expresses the principle of priority of the infinite over the finite, he says even more. Not only does finitude presuppose the existence of the infinite, but also the idea of God's infinity is "the clearest and most distinct," and the clarity of the idea of infinity is not in contradiction with the fact that "I cannot understand the infinite [...] since in the nature of the infinite lies that I -as a finite being -do not encompass it" (AT vii 46). God is incomprehensible (letters to Mersenne from 1630) -we cannot comprehend (comprendre) him, but we know (connaissions) him. How do we reconcile these statements ?
Descartes makes a distinction between two cognitive acts which do not have to coincide. Infinity is not comprehended (compris), he says, but understood (entendu) (AT ix 89), we do not imagine or conceive (imaginamur, nee concipimus) God's perfections, including his infinity, but we understand (intelligimus) them (AT v 154). "It is sufficient for me to understand (intelligere) that God is not comprehended (comprehendatur) by me, in order that I understand (intelligam) God in the truth and such as he is" (AT v 356). We don't positively comprehend God and his infinity, but we positively know he exists. Incomprehensibility is, in fact, a positive mark of God's infinity, since if it were comprehensible, it would not be a genuine infinity, i.e., not perfection. In a similar manner, we cannot enclose in our arms a mountain, but we are keenly aware of its immensity. We cannot use the power of the thunder, but we are clear about this power. Therefore, incomprehensibility guarantees the truth of the idea of God, it does not hinder it ; "incomprehensibility is a positive manner in which the infinity reveals itself to a finite mind as it is" and "the infinite is intelligible for the very reason that it is not comprehensible". labeling something indefinite. For example, "having no reasons to prove it and even being unable to conceive that the world has bounds, I -says Descartes -call it indefinite. But I cannot deny that there may be some reasons known to God, the reasons incomprehensible to me [indicating that the world is finite] : hence I do not decisively say that it is infinite" (AT v 52). Infinite is inherently limitless in the eyes of our reason. We cannot think about matter otherwise as having no bounds, but is it for our reason to say that it really does not have any bounds ? The limits of our imagination and the objective limits should be thoroughly distinguished. Similarly, we recognize the divisibility of matter as true, but its "way of coming to pass is inconceivable" (Princ. 2.34), which does not mean that it is impossible. We, the limited beings, cannot perform such a division, but for the infinite being it is possible. Hence, extension is indefinitely, but not infinitely, divisible by thought.
These examples indicate that Descartes uses a tri-partite division of the world : God who is undoubtedly infinite and the infinite will ; next, particular objects, in the material world, which are finite ; and finally, many aspects of the world that defy imposition of any limits and hence have to be considered indefinite. But in reality, that is, from God's perspective, the division is bi-partite : God himself, who is essentially infinite, and everything else, which is finite, because God understands the world, numbers, etc., and even things greater than the world and the number (cf. AT v 167).
The distinction made between infinite and indefinite is, in Descartes' words, simply the result of "necessary caution" rather than "affected modesty" (AT v 274). It seems, however, that this caution was the result of modesty. We see that Descartes did not have patience with those who treated the concept of infinity very lightly. For example, it was J.B. Morin's main fault that in his book "he always discusses the infinite as if he had completely mastered it and could comprehend all its properties." And Morin is not an isolated case : "This is almost a universal fault." The right attitude is to "submit oneself to it [i.e., infinity] and not to determine what it is or what it is not" (AT iii 293). For this reason, we should not be troubled by apparent paradoxes concerning infinite numbers. Does an infinite number exist ? We cannot decide, since our mind is finite and an infinite number "would cease to be infinite if we could comprehend it" (AT i 147). What about an infinite line ? If it exists, it could be measured in feet and in yards, so that one measurement would be three times larger than other. But can one infinity be larger than another ? Why not, Descartes responds, after all, "what rights have we to judge" this fact with our finite minds ? Questions like this should not be answered, since "only those who imagine that their mind is infinite seem to be obligated to examine such difficulties" (Princ, 1.26). From that perspective, it is interesting to see how Descartes approaches other mathematical questions and to look closer at some specific solutions in which Descartes seems to refer to infinity. As mentioned, the seventeenth century made the reference to infinity in mathematics very natural, even necessary. Was an impact of philosophical views perceptible in Descartes' mathematics ? II One general problem which is common both to physics and mathematics is the problem of divisibility. Divisibility is only hypothetical, and since its actuality is neither clear nor distinct to the human mind, it should be suspended and treated in terms of the indefinite. However, Descartes is not always very particular in distinguishing infinite from indefinite. For example, when discussing a Zeno's paradox, he talks about infinite divisibility of a distance, which amounts to creating the sum 1/10 + 1/10 2 + 1/10 3 = ... = 1/9 (AT iv 445-6). What is important is that although such a sum, or rather the number of its terms, is "supposed to be infinite," and although "it is supposed" that this division "has been done an actually infinite number of times," we realize that it is not real division, that it is only a supposition of something which somehow has been done, and the nature of the division is unexplainable. Because in what way could a finite mind perform such a division ? Such a supposition is only made for the sake of argument, since, importantly, the result is already known, namely that the sum adds up to 1/9 and that the horse from this paradox overtakes the tortoise. The problem with the Zeno's paradox is that "as it is assumed, the ninth part of one yard is an infinite quantity, since it is divided in the imagination into infinite parts." However, because imagination is, in fact, powerless to grapple with infinity, the assumption of an actually infinite division is only imaginary. 4 The problem of divisibility is a problem of a general nature. But the influence of Descartes' understanding of infinity can be detected in more specific mathematical problems. Three such problems will be presented.
In the second book of Geometry, Descartes presents the method of using tangents to analyze curves. Drawing the tangent (or rather the normal, i.e., straight line perpendicular to a curve) at an arbitrary point on a curve is "the most useful and most general problem" in geometry. The method did not rely on physically drawing a line, but on the analytical method proposed by Descartes, which consists in translating geometrical problems into arithmetical forms. This method of analytical geometry was quickly challenged by Fermât, who showed that certain results can be derived by a much simpler method than used by Descartes. One such problem that illustrates Fermât's approach was finding the tangents to a parabola. Because the values x and x' are chosen to be very close to each other, this inequality can be transformed into a so-called adequality, that is, pseudo-equality, or approximate equality, and then simplified. The resulting adequality is \W\ 2 = x 2 + xh, v/here h = x -x'. After the term with h is removed, the equality turns into IW1 = x, which is the equation to find the point W in order to draw the tangent at point the (x,y) of the parabola y 2 = kx (AT ii 6-10). Fermât does not elaborate much on the nature of the magnitude of h. He simply says that the term containing it should be removed from the equation. This may be justified by the fact that h is extremely small, i.e., that it is an infinitesimal. It cannot be zero, otherwise x and x' would be the same point. In modern terminology, we would say that h approaches zero whereby the adequality could be substantiated as a genuine equality.
Descartes found the result correct, but Fermât's method did not appear acceptable to him, although he admitted that this method is simpler than his own (AT ii 514). What Descartes found particularly suspect was the use of the magnitude h which was null and yet not zero and therefore could be omitted in the equation, "which seems to be done gratuitously" (AT ii 169, 323). The use of such an infinitesimal h and its subsequent deposition rendered Fermât's method inexact, even false and absurd, which one can invent "without ingenuity and by accident" (AT i 490). Fermât, in Descartes' opinion, with such a proof showed that "he found his rule only gropingly or at least he did not conceive the principles clearly" (AT ii 129). How could Descartes accept such an unclear and indistinct magnitude ? The fruitfulness of Fermât's method could not be used as an argument for its acceptability, since any method should be based on a firm, clear and distinct foundation. Such a foundation could be found, to be sure, in the algebraic approach of Geometry, and Descartes showed that he could prove Fermât's result without resorting to unfounded magnitudes (AT ii 170-3). 6 The second mathematical problem in which Descartes came close to the infinitesimal calculus was the problem of finding the area of the cycloid which is the path made by a point of the rolling circle. The crux of the proof consists in establishing the equality of a semicircle and a cycloidal segment (see Fig. 2 ). The proof is accomplished by pointing out that all the intervals MN, horizontal to the diameter AB of the semicircle, are equal to all the corresponding intervals GP of the other figure : 
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proves that the area FKO is equal to the semicircle ADB for those who know that generally, when two figures have the same base and the same height and all the straight lines parallel to their bases which are inscribed in one, are equal to those inscribed in the other in similar distances, then both of them have the same area" (AT ii 261). It is important to stress that in this proof, it is irrelevant that there are an infinite number of intervals in the semicircle and the figure similar to it, since it is enough to know that any horizontal line of the semicircle is equal to one line in the part of the cycloid. To be sure, the number of such lines is infinite, even uncountable, but this does not change the result ; however, Descartes' proof is not founded on this information.
Nevertheless, continues Descartes, because this proof relies upon "a theorem which perhaps is not accepted by all, I will do it in the following manner" (AT ii 261). And here Descartes proposes another solution to the cycloid problem. By repeatedly dividing the ordinates and using the method of exhaustion, he shows that the corresponding triangles in the two figures have the same area ( Fig. 2) : area(ADB) = area(FKO), area(AMD) + area(BDN) = area(FGK) + area(OKP), etc., à l'infini, whereby the figures have the same area. However, in spite of using the expression à l'infini, this proof is similar to the previous approach in that it really does not rely on the fact that there are infinitely many such triangles ; rather, it is important that any corresponding triangles from both figures have equal areas, and the fact that there is an infinite number of such triangles is secondary. Descartes would say that this number is indefinite and man is unable to determine precisely its magnitude, hence any explicit reference to this number would undermine the validity of the proof.
There is another assumption here, although unspoken : the area of a surface is a sum of intervals. This aspect of Descartes' proof, however, is de-emphasized, since he deals in terms of relations rather than in terms of summation, i.e., relation between an interval of a known surface and an interval of a surface whose area is to be determined. 7 In this way, there is no need to discuss the problem of the nature of infinity, or the infinitesimals.
The closest Descartes seems to come to utilization of infinitesimals is in solving the problem of Florimond de Beaune. This was the inverse tangents problem, which consisted in finding a curve using its tangents. That is, whereas before the common point of a curve and its tangent was to be found, which amounted to finding roots of an equation, now the points of tangency are assumed to be known, and the curve is to be determined, which is basically finding a line determined by a differential equation. In particular, de Beaune wanted to find a curve AV perpendicular to line AB at point A, such that . Assuming that AB is divided into m parts, and PV is composed out of n < m parts, Descartes is looking for the ordinate Aa of point V and finds it to be bounded by two sums, as in 11
and concludes that "by dividing AB into more parts, we can approach more and more, à l'inflny, true length of lines Aa, Ap and similar lines and thereby construct mechanically the proposed line" (AT ii 516). This is very close to acknowledging the existence of infinity. This, however, is not the case on two counts. First, he notices that "in order to describe this curve AV, we should move two lines," one from AH moving toward BC, and another from AB descending toward PH. The intersection of these two lines is always on the curve AV. Here Descartes gives his disclaimer : "But I believe that the two movements are so incommensurable that one cannot be ruled by another, and therefore this line belongs to the number of lines which I rejected from my Geometry as being merely mechanic lines [and not geometric]." The reason is that the first line moves uniformly with linear speed, the second increases its speed according to equation
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V >~ dt~\-t for 0 < t < 1, from which x = -b In (1 -t) t and hence we again see that the curve is logarithmic. 9 Therefore, although for each m, the line Aa can be constructed using methods of Geometry, the curve AV cannot be found, since it would require to pass to infinity with m which is impossible for Descartes. His constructive methods are applicable to certain stages of creating the curve AV, but these methods cannot be extended into infinity, and hence this curve is beyond their reach. We can approach more and more the true length of Aa, but it does not mean that the length of this line will be reached, which rules out finding AV. Therefore, as Belaval summarizes it, "what is in accordance with his inventive spirit appears to be contrary to philosophical spirit : his philosophy was an obstacle to the consideration of infinitesimals". 10 The second reason why this proof rules out passing to the limit is the usage of the expression à l'infiny (or a l'infini). Descartes quite frequently utilizes this expression (e.g., AT ii 92, 180, 207, 249, 427), but it does not appear to have in any of these usages a strong philosophical meaning of proceeding to infinity ; it is rather an equivalent of etc. or indéfiniment. This expression is used the way an exclamation such as "Oh my God" is used without implying any theological views, or "Lord, have mercy" in situations indicating that the last thing in the mind of the beholder is God's mercy.
Ill
Descartes was so very close to the spirit of his time, when calculus was originated ; however, he never accepted the methods of calculus as legitimate. They were frequently more powerful and simpler than his analytical approach, but pragmatic justification was not enough for Descartes to accept them. The main reason was that mathematics and, generally, science occupied only a secondary position in Descartes' system. He was an ingenious mathematician, but mathematics was only one branch of the tree whose trunk was metaphysics, since "certainty and truth of all knowledge depend only on knowing the true God" (AT vii 71), and mathematics was interesting only as an exercise field for his method (AT vi 29). In his scientific activities he never forgot the primacy of metaphysics and theology, and if there was a conflict between science and metaphysics, Descartes did not have any doubt about which side to choose.
11 Descartes' science is saturated with theology, and by occupying himself with science Descartes wanted to show the relevance of metaphysics and theology not only to philosophy, not only to every day life, but also to such abstract areas as mathematics and physics. 12 All intellectual struggles have only theological goal, since "all those to whom God has given the use of reason have an obligation to employ it principally in the endeavor to know Him and to know themselves" (AT i 144). How similar this statement is to Augustine's, who set knowing God and soul as the goal of his philosophical quest -and nothing else (Solil. 1.2.7). This knowledge is not gained by starting with a clean slate -that would be an impossible task. That is why Descartes castigates scholastic philosophy for using the principle, "Nothing is in intellect that was not before in senses" (AT vi 38). The assumption about the existence of God has to be made before starting this cognitive quest, since his existence and his attributes are "the foundation of truth," and, moreover, clearness and distinctness are based on the existence of God and on that everything is derived from him (AT vi 38).
Hence, methodical doubt of the First Meditation was not really the point of departure, since we could not comprehend ourselves and our doubt without "somehow in the first place" comprehending God. 13 Hence, his proof of the existence of God is not proof, but rather a test of the consistency of his view on the nature of cognition with this assumption ; this proof is in reality the means of knowing better what we know and how we know it. Therefore, the famous Cartesian circle is not broken by assuming that, to Descartes, reason is autonomous, 14 but by assuming its dependence on theological assumptions. Therefore, as aberrant can be considered the view that passages in which Descartes makes reason dependent on God are considered sometimes an expression of "aberrant view". 15 This dependence is present all the time. In this sense it is true that "the idea of God forms the center of Cartesian doctrine", 16 and there is a great deal of truth in the emphatic statement that "never a philosopher appeared to be so full of respect to the Divine as Descartes".
17
Infinity was the characteristic of God, and hence it had the status of a sacred attribute. Only God was infinite. Therefore, the world could not be infinite. It could not be finite, either, under the danger of contradiction. Therefore, although reluctantly, Descartes introduced the concept of the indefinite. The world was indefinite from our perspective, from the vantage point of God it was finite. Because grasping infinity is beyond our reach, methods used in mathematics could not be infinitistic, either ; such methods would be at best inefficient, because ungraspable, sacrilegious at worst. A serious attempt to consider the universe infinite would amount to its identification with God, hence the universe is at most indefinite. By calling lines, sequences of numbers, approximations, etc., infinite, we would elevate mathematics to the level of the divine, which is unthinkable. Therefore, in Descartes' view, by attempting to encompass infinity, mathematics reaches into the domain reserved for theology and metaphysics. For this reason, mathematical truths cannot be treated on equal footing with theological truths ; in particular, reference made in mathematics to infinity (indefiniteness) is not the same as such reference made in theology, since we comprehend mathematical truths but not the essence of God, which is infinity, hence the reality of these truths is lesser than the reality of God. Consequently, because we are able to comprehend these truths, they are basically the truths of finite nature. 18 The use of infinity in mathematical proofs has to be unclear by necessity ; since we are finite, we cannot grasp infinity, therefore such proofs are not proofs at all. The fact that they lead to some useful results may be treated as at most a happy accident, but not as an ultimate and reliable proof. Mathematics, more than any other area of science, should use clear means, and such means exclude infinity. Hence, with some reservations, it may be agreed that "at no moment Descartes lost from his view the goal present at all times : to eliminate from different sciences all concepts which cannot be known only by reason, i.e., which are not objects of the clear ideas". 19 Descartes wanted to eliminate the infinite from science because the powers of reason pronounce it being beyond its reach and theology pronounces it sacred. The clear idea of infinity should suffice us, but we misuse the clarity of this idea when we attempt to use it. Knowledge of the infinite is not infinite, and such infinity of knowledge would be needed to tackle infinity in mathematics.
Descartes made his best efforts to purge infinity from mathematics by pointing to the gap between the object of mathematics and object of theology which is God. He attempted to purify the concept of infinity by reserving it to God and to his reflection in us, the will. Pragmatic reasons of efficient use of infinity were simply irrelevant to him as an argument for utilizing it in mathematics. In this sense we can agree with the statement that Cartesian philosophy is the "philosophy of infinite perfection of infinity". 
